The two-dimensional minimal supersymmetric sigma models with homogeneous target spaces G/H and chiral fermions of the same chirality are revisited. We demonstrate that the Moore-Nelson consistency condition revealing a global anomaly in CP(N −1) (with N > 2 and N = (0, 2) supersymmetry) due to a nontrivial first Pontryagin class is in one-to-one correspondence with the local anomalies of isometries in these models. These latter anomalies are generated by fermion loop diagrams which we explicitly calculate. In the case of O(N) sigma models the first Pontryagin class vanishes, so there is no global obstruction for the minimal N = (0, 1) supersymmetrization of these models. We show that at the local level isometries in these models are anomaly free. Thus, there are no obstructions to quantizing the minimal N = (0, 1) models with the S N−1 = SO(N)/SO(N −1) target space. This also includes CP(1) (equivalent to S 2 ) which is an exceptional case from the CP(N −1) series. We also discuss a relation between the geometric and gauged formulations of the CP(N −1) models.
Introduction
Two-dimensional chiral sigma models are known for a long time (e.g. [1] ). Recently chiral N = (0, 2) sigma models emerged as low-energy world sheet theories on nonAbelian strings supported in some N = 1 four-dimensional Yang-Mills theories [2, 3] (for a review see [4] ). This explains a renewed interest in their studies. Recent works include (but are not limited to) Refs. [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] . Most of these papers are devoted to nonminimal chiral models. Nonminimal chiral models are obtained as deformations of N = (2, 2) supersymmetries and contain both left and right-handed fermions.
1
They are free of anomaly by construction. In this paper, we consider minimal chiral sigma models with N = (0, 1) and (0, 2) supersymmetries where by "minimal" we mean that there are only, say, left-handed fermions included in models. Since these minimal chiral theories generically suffer from anomalies, the no-anomaly conditions become criteria for mathematical consistency of these models per se. In general the (left-handed) chiral fermions can be defined on arbitrary vector bundles over manifolds on which bosonic fields live in various dimensions. There are two types of intrinsic anomalies in the minimal N = (0, 2) sigma models, which can be compared to those in gauge theories in four dimensions.
First, chiral fermions in four dimensions (4d) can ruin gauge invariance already at one loop, as it happens, say, in the SU(N) gauge theory with N > 2 and a single chiral fermion in the fundamental representation. This anomaly does not appear, however, in the SU(2) gauge theory due to the absence of the d symbols in SU (2) . Nevertheless, the SU(2) gauge theory with one chiral fermion in the fundamental representation does not exist since it suffers from a "global" Witten's anomaly [19] . This is the second type of anomalies in four-dimensional Yang-Mills.
The anomalies in the minimal N = (0, 2) sigma models were discussed by many authors in different aspects. A number of authors calculated [20] [21] [22] [23] [24] chiral anomalies (i.e. obtained explicit local forms) and discussed the mechanism of the anomaly cancellations. On the other hand, global feature of anomalies were also thoroughly considered in the works [25, 26] . A well-known no-go theorem [25] establishing a global anomaly due to non-zero Pontryagin classes over vector bundles in such minimal (0, 2) models such as CP(N −1) makes them inconsistent (with an exception of CP(1) model). We will revisit this issue. In the present paper we will discuss the isometries of the target space manifolds O(N) and CP(N −1) and the corresponding isometry anomalies. In the subsequent publication we will discuss more general aspects, such as anomalies vs. diffeomorphism/holonomy invariance of the target space after quantization in generic sigma models.
A few words on terminology. Sigma models are defined on manifolds which typically have to be covered by many local patches. One can specify a local chart of the manifold and then perform the anomaly calculation (typically at one loop). We thus call such anomalies local. 2 In the case of local anomalies offset by counterterms on local patches, one must worry how to patch these counterterms on different charts. It is essentially a cohomology problem [27] which thus is tied up with global features of the manifolds under consideration. A large class of sigma models admits the so-called gauged formulation [28] (e.g. variants of the Grassmannian sigma models). In the gauged formulation we potentially have to deal with chiral anomalies in the "small" and "large" gauge transformations (analogous to the Witten SU(2) anomaly [19] ).
The target spaces in the problems to be considered are homogeneous symmetric spaces of G/H type. In this case it was shown [23, 25] that the criteruim of local anomalies is stronger than the global obstruction: the local anomalies imply the global obstruction and vice versa. In our examples of the O(N) and CP(N − 1) models we explicitly verify this statement. In the first example which is free from the Moore-Nelson global obstruction, we demonstrate that the O(N) model is free from local anomalies. In the second example, N = (0, 2) CP(N −1) models, N > 2, in which the first Pontryagin class is nontrivial, we found local anomalies. Thus, such models are inconsistent.
As was mentioned, in both cases we examine anomalies in the isometries which decide whether or not geometry of the classical action can be maintained at the quantum level. Only if it can be maintained can the theory be self-consistent. In the minimal O(N) models one can construct anomaly-free isometry currents, while such a construction is impossible in the minimal CP(N −1) models. The only exception is CP(1) which is equivalent to O(3).
The paper is organized as follows. In Sec. 2 we thoroughly discuss the minimal O(N) models and demonstrate the absence of the isometry anomalies. Section 3 is devoted to the minimal CP(N − 1) models. We derive the CP(N − 1) isometry anomalies in this model. Our analysis in this section is somewhat different from the O(N) case. We examine the correspondence between the isometry anomalies in non-linear sigma models (NLSM) and gauge anomalies in gauged linear sigma models (GLSM), and then derive the isometry anomalies based on the above correspondence. In Sec. 4 we consider a dual formalism for the O(N) models and arrive at the same result as in Sec. 2 by using the correspondence referred in this section. Section 5 summarizes our results and outlines questions for future explorations. Appendix presents details of derivation in Sec. 3 through direct calculation as a verification.
O(N ) Sigma Model
Let us first study the "linear" version 3 of the O(N) model [29] , investigate the symmetries of the model and then pass to the nonlinear description.
The linear O(N) sigma model contains N real fields n i , where i = 1, 2, ..., N, with the constraint
This means that the target space of the model is the sphere S N−1 , which could be viewed as the coset
Thus, the model (3) can equally be referred to as the S N−1 model. In the literature the first name, O(N), is more common, however. It reflects, in particular, that counting of isometries is given by O(N). The bosonic part of Lagrangian is
where λ is a Lagrange multiplier that ensures the constraint above on the n i fields. As mentioned above there are N(N − 1)/2 isometry symmetries corresponding to the SO(N) group. For each point in the target space a stationary subgroup H = SO(N −1) (the denominator in Eq. (2)) consists of transformations which do not act at this point. We fix a particular choice of H specifying an axis, say n N , as associated with the stationary under SO(N−1) point. For other points the transformations from H are realized linearly.
Thus, the first set of isometries is given by linear transformations,
where
.., N−1) are infinitesimal parameters. The remaining N−1 isometries form the second set where the transformations are realized nonlinearly,
where α i , (i = 1, 2, ..., N −1) are infinitesimal parameters. The sub/superscripts are raised or lowered by δ ij or δ ij . Now, one can rewrite this sigma model through the standard stereographic projection to explicitly solve the constraint n i n i = 1, by setting
By recalculating the infinitesimal transformations of φ i with respect to ǫ ij and α i , one obtains
In terms of the field φ i the Lagrangian (10) takes the form,
where g ij is the metric tensor of S N−1 sphere,
Supersymmetrizing the O(N) Lagrangian by adding left-handed fermions is straightforward. We couple N −1 real left-handed chiral fermions ψ i ≡ ψ i L to the bosonic fields so that the theory has N = (0, 1) supersymmetry,
where D µ is the covariant derivative pulled back from the S N−1 sphere. The stereographic projection (6) gives us a local chart {φ i }, for which one can write down the metric (see (9) ) and connections explicitly,
Now let us pass to the issue of isometry anomalies. To evaluate the anomalies, one needs to integrate out fermions to find the effective action Γ eff [φ] . Then one performs the isometry transformations (7). We introduce vielbeins e a i on S N −1 to decompose the metric and rewrite fermion fields in the canonic way,
Apparently e a i satisfy the conditions
In Eqs. (12) and (13) 
As long as conditions (13) are met, one still has a residual freedom to make different choices for e a i . This freedom might lead to the so-called holonomy anomalies which we will discuss in upcoming work [30] .
Through vielbeins e a i we define ψ a ≡ e a i ψ i , and thus rewrite the fermion part of the N = (0, 1) Lagrangian,
is the spin-connection on the frame bundle, and D i is the covariant derivative on S N −1 . Now, we integrate out fermions and arrive at an effective action Γ eff . This requires calculation of the bi-angle diagram (see Fig. 1 ); higher orders are finite and thus do not contribute into anomalies. Note that there are only chiral fermions ψ a L in L f coupled to the spin-connection ω R = ω i ∂ R φ i . Therefore, the effective action is a functional of ω R ,
As we mentioned above cubic and higher term in the action are given by well convergent integrals in momentum space. It means that these terms are well defined in UV and anomaly could come only from quadratic in connections terms.
The wavy lines denote external spin-connection fields ω R , and solid lines denote chiral fermion ψ L .
To evaluate the isometry anomalies from Γ eff , we will examine δ ǫ Γ eff and δ α Γ eff under isometry transformations (7) . Invariance of Γ eff under linear transformations, δ ǫ Γ eff = 0 is evident because these symmetries are explicitly maintained. As for nonlinear transformations we will see that for spin-connections they have the gauge form,
where the gauge function v, linear in parameters α i , depends on fields φ j . Then the anomalies can be obtained by varying Eq. (16),
In Eq. (18), the first term can be removed by introducing a local counterterm
4 Since the spin-connections have similar transformation behavior to that of the gauge fields, one should impose the Wess-Zumino consistency condition [20] to obtain correct consistent anomalies. However, in 2d gauge theories, consistent anomalies have only two independent candidates [31] :
In our sigma model, the left-handed chiral fermions only couple to ω R . Therefore, the anomalies are similar to those in the gauge theory, and will not reduce to a purely topological term.
This counterterm is in essence equivalent to adding heavy Pauli-
where H a L,R are real Weyl-Majorana fermions,
, and M is the PV mass. At the very end M → ∞. One can check that, after integrating out the PV fermions H a L,R , one recovers Eq. (19) . The second term in Eq. (18) is purely topological. For simplicity, one can write it as a pulled-back form from S N −1 where we defined our sigma model by mapping φ : Σ → S N −1 ,
The explicit expression for ω a b = ω a bµ dx µ can be calculated from Eqs. (12) and (15),
Here the E ij 's are the generators of the so(N−1) Lie algebra in fundamental representation, the holonomy group of S N −1 is SO(N −1). Then variation of spin-connection ω with respect to α i transformations of Eq. (7) has the form (17) with v given by
Therefore the anomaly is given by Eq. (21) (21) does not look as a total derivative. However, it can be rewritten, using integration by parts, as follows:
Then we see that the variation is, in fact, an integral of a total derivative. Therefore, the local anomalies of isometries in the O(N) models vanish.
CP(N −1) Sigma Model
Our second example is the CP(N−1) = SU(N)/S(U(N−1) × U(1)) sigma model [28] . The model involves N complex fields u i (i = 1, 2, ..., N) with the constraint
In addition we need to impose a local U(1) gauge invariance under
To this end one introduces an auxiliary vector field A µ , and the Lagrangian takes the form
Similarly to the O(N) case, to pick up a patch we can chose a "complex"axis, e.g., u
N . The isometries of the model fall into two groups: linear transformations which do not transform u N ,
and nonlinear ones which rotate u N ,
In the above expressions, ǫ ij is an anti-Hermitian matrix and thus has (N − 1) 2 real parameters while β i are N − 1 complex parameters. The indices can be locally raised or lowered by δ ij or δ ij . The total number of isometries is N 2 − 1 corresponding to SU(N) symmetries of the CP(N −1) model. Furthermore, since A µ is nondynamical, we can eliminate it in favor of the u i fields,
Now, we can fix the gauge by condition Im u N = 0, and solve the constraint by choosing a set of local coordinates {φ i ,φj},
In terms of the new coordinates the isometry transformations of the model are
Parallelizing our discussion of the O(N) model, we can write down the Lagrangian in terms of the fields φ i ,φj. We then supersymmetrize it to form a N = (0, 2)
is the standard Fubini-Study metric for CP(N −1).
To explore the isometry anomalies, one can introduce vielbeins as in the O(N) model, but the calculation is lengthy and tedious. We present the calculation details in Appendix. Here, instead, we will find a relation between the gauge anomaly in the gauged linear model and the isometry anomalies in the nonlinear formulation. 
where κ R is a Lagrange multiplier. The one-loop effective fermionic action following from the bi-angle diagram similar to Fig. 1 is
This action obviously suffers from a U(1) anomaly. Similarly to Eq. (18) , this anomaly has longitudinal and topological parts. Since the anomaly in the longitudinal term is always cancelable by a counterterm, as Eq. (19), we will focus on the topological part. Keeping in mind that the gauge transformation has the form
we obtain the anomaly
where for simplicity we presented the anomaly via a one-form, A = A µ dx µ . Now let us connect the nonlinear isometry anomalies with the gauge anomaly. To write the nonlinear sigma model, we need fix a gauge and choose a local chart to solve the constraints, see Eq. (30) . Once the gauge and the chart are chosen, the isometries of rotation around u N are linear, while those rotating the u N axis have to be nonlinearly realized, see Eqs. (27) and (28) . Equation (29) implies that, since A µ is isometry invariant, so is the fermion effective action (35). The only anomaly that exists in the gauged CP(N −1) formulation is the gauge anomaly. Then how can we have isometry anomalies produced? Notice that, within the fixed gauge, the u N field must be real. However, after rotations of u N this field becomes complex again. Therefore, to satisfy the reality condition for u N , the non-linear isometry transformations must be accompanied by a corresponding gauge transformation to offset the imaginary part of u N . This leads to the gauge anomaly, or equivalently, isometry anomalies in geometric formulation. We also verify that it is indeed the anomalies of the nonlinear isometries by straightforward calculation in Appendix.
Following the discussion above, we want to find a gauge parameter α, such that
where i = 1, 2, ..., N −1, the reality condition is
Therefore, we can find α in terms of φ i andφ i , namely,
Furthermore, we rewrite the gauge field A in terms of φ i andφ i as well,
what gives for dA
In this way obtain the nonlinear isometry anomalies,
where c 1 is the first Chern class of CP(N −1).
In contradistinction with the O(N) sigma model (with the exception of CP(1), see below) all other CP(N − 1) sigma models suffer from the isometry anomalies which are neither a total derivative nor cancelable by adding local counter terms. For CP(1), the situation is identical to the O(3) model.
CP(1) is a special case
We find from Eq. (43) it is indeed total derivative and consistent with previous discussion on O(N −1) model. The specialty that distinguish CP(1) from other CP(N −1) models is its low dimension. Since CP(1) is geometrically a two dimensional sphere, locally we only have one φ and oneφ on one local chart. Equation (43) can be greatly simplified in this case and written as an integral over total derivative:
On the other hand, globally CP(1) sigma model is known to have zero first Pontryagin class p 1 , because it at most supports nonzero two-form while p 1 is an element in the fourth de Rham cohomology group. So far the local anomalies calculations are consistent with the global analysis of [25] .
In this section we found the relation between isometry anomalies I and gauge anomaly A. The isometry anomalies in geometric formulation can be understood as gauge anomaly of a special gauge transformation, see Eq. (40). Following this clue, one can prospect the correspondence of holonomy anomaly versus arbitrary gauge anomaly, and further global anomaly versus "large" gauge anomaly, in geometric and gauge formulations respectively.
A closer look at the correspondence between isometry and gauge anomalies
In this subsection, we want to discuss the correspondence between the isometry and gauge anomalies in a more rigorous mathematical way. It will also help us to apply these results in calculating the isometry anomalies in the general coset G/H minimal sigma model in our subsequent work. of the U(1) principal bundle of S 2N −1 , i.e.
Equation (30) and the gauge condition that u N is fixed to be real actually assign a map, or, say, a local section, from a local chart U s ⊂ CP N −1 to S 2N −1 ,
Therefore it defines a local trivialization Φ of S 2N −1 , so that S 2N −1 locally looks like a product space of U s × U(1)
It is easy to see that the U(1)-action on fiber π −1 (φ,φ), is just the gauge transformation (25) . We want to point out that, the U(1)-gauge A µ in Eq. (29) is exactly a choice of connection 1-form defined on the bundle S 2N −1 .
To see this, one needs to recall how to define a U(1)-connection on the principal bundle S 2N −1 . First, the U(1)-action moves any point p ∈ S 2N −1 along the fiber, which defines a one-dimensional subspace of the tangent space T p S 2N −1 , called vertical space V p (see the tangential direction of the vertical circles in Fig. 2) . The corresponding tangent vector σ p spanning V p is called the fundamental vector, and is given by the trivialization (45) as
.., N subject to the constraintū i u i = 1. Now we are about to assign a U(1) connection on S 2N −1 , or a 2N − 2 dimensional horizontal subspace H, so that the tangent space of bundle S 2N −1 can be decomposed as direct sum of horizontal and vertical spaces:
Equivalently, using a more familiar language, H is determined by a 1-form
globally defined on S 2N −1 , so that
In the second equation R * α is the pullback induced by the U(1) action on fibers, which guarantees the equivariance ofÃ.
Generically there are various ways to choose the horizontal space H p corresponding to different connection 1-formsÃ. However, for CP N −1 as the quotient space of S 2N −1 by U(1), the projection map is a Riemann submersion once we assign the standard round metricg on S 2N −1 . Its tangent space at π(p), i.e. T π(p) CP N −1 = π * H p , is an orthogonal complement to V p .
The metricg defined on the standard sphere S 2N −1 , with the coordinates (u i ,ū i ), is given byg
Since we choose the horizontal space
To meet the condition (46), we fix the coefficient ofÃ as
One can see that this is just Eq. (29). Finally, the connectionÃ is pulled back from S 2N −1 to the local chart U s of CP
by section s. i.e.
Once we assign a new section
it is clear that, on the intersection U s ∩ U s ′ , any two points on one and the same fiber mapped by s and s ′ are related by a U(1) action, i.e.
Similarly, s ′ will also pullback the connectionÃ to A ′ = s ′ * Ã
. Moreover, A ′ and A are related by our familiar U(1)-gauge transformation
Based on the discussion above, the Lagrangian, Eq. (34) and Eq. (32), could be interpreted as CP N −1 model constructed on the bundle S 2N −1 or a local patch U s ⊂ CP N −1 . Now, when we consider an isometry transformation f on a local patch, say, U s , the isometry will induce a change of U s and thus a gauge transformation of A. Therefore when we calculate the isometry anomalies of CP N −1 localized on U s , they are naturally associated to the gauge anomalies of A locally defined on U s .
To address the idea in a rigorous manner, we need the concept of the bundle isomorphism. A bundle isomorphism is a 1 − 1 bundle map F such that the following diagram commutes: S
where f is an induced isomorphism on base space CP N −1 , and F satisfies the equivariant condition:
As for the isometry transformations, one needs to consider the corresponding isometric bundle isomorphism, i.e. isomorphisms preserving given metricg on the bundle S 2N −1 and satisfying equivariance Eq. (48). For the bundle S 2N −1 , there are 2N
2 − 2N isometries as we discussed in Sec. 2, while only the transformations (27) satisfy the condition (48) and induce the isometries on CP N −1 . Now we are interested in the transformation of the connection A with respect to isometric bundle morphisms. Generically a bundle isomorphism F will "pushforward" the horizontal space H to
Therefore the corresponding connection 1-form for H F is
We want to calculate the difference of A 
The variance of connection
respect to point b = (φ,φ), will be considered. However, the combination of maps
Therefore one has
and therefore
Given Eq. (27) and Eq. (31) for infinitesimal versions of F and f , we can calculate the infinitesimal transformation of Eq.(50). We only consider transformations corresponding to the parameters β andβ. Since
the infinitesimal transformation of Eq. (50) and Eqs. (27) and (31) lead us back to Eq. (49). After a short calculation, we obtain
which coincides with the previous result (40). So far we revisited the anomaly of the CP(N − 1) sigma model. The lesson one can draw is that the nonlinear formalism Lagrangian, see Eq. (32), is defined on the local patch U s of CP(N − 1). An isometric transformation f , or F on the bundle will result in a change of the local patch to U s ′ , or equivalently a change of the local section to s ′ . Therefore the pulled-back connection, or the gauge field (29), will transform as in Eq.(50). If there are chiral fermions coupling to the gauge field nontrivially, there must be anomalies produced. In this sense, these anomalies measure the failure of bundle reparametrization from the section s to s ′ induced by isometric transformation.
Dual formalism for the O(N ) Model
In Sec. 3 we demonstrated that the isometry anomalies in the nonlinear realization of the CP(N − 1) is in one-to-one correspondence with the U(1) anomaly in its gauged linear formulation. This section is motivated by further consistency checks of the gauge versus isometry anomalies. Another motivation is the large-N argument regarding the gauge anomaly in the linear gauged sigma models.
A crucial difference between the O(N) and CP(N −1) sigma models is that the latter has a U(1) gauge field, and eventually suffers from the U(1) anomaly. At the same time, the O(N) sigma model has no gauge redundancy and therefore is expected to have no isometry anomalies after the passage to its nonlinear formulation. 
and gauge the SO(N − 1) symmetry. The index α in (51) will play the role of the "color" index of the gauged group SO(N − 1). The index a is the "flavor" index of global SO(N) symmetry. Then we add a constraint
We also add left-handed fermions ψ α La with appropriate constraints to supersymmetrize the model. In this way we arrive at the Lagrangian
and the matrix fields A b µa are the SO(N −1) gauge fields. As previously mentioned, the above gauge fields are nondynamical and can be eliminated in favor of the N fields,
Similarly to Eqs. (29) and (30) in the CP(N−1) model, one can fix an SO(N−1) gauge, and choose local charts to write down a nonlinear sigma model. For example, we treat
where ρ a ≡ N N a is an additional row vector. Now, we fix the gauge in such a way that V i a becomes symmetric real matrix. Then we define a local chart,
After solving the constraint, one obtains
The generators E a ij b were defined in Eq. (22) . One can easily convince oneself that the gauge fields A µ are just spin connections ω µ in nonlinear formulation of the S N −1 model, see Eq. (22). Thus, the nonlinear Lagrangian following from (53) after gauge fixing is in fact identical to that presented in Eq. (10) .
At the perturbative level, the gauge anomalies in the present section and the isometry anomalies in Sec. 2 will match each other too. We will discuss only those isometry transformations that involve an interplay between V i a and ρ a ,
since they would induce gauge anomalies for the fixed gauge, see the remark after Eq. (56). To keep the matrix V i a symmetric, a gauge transformation must accompany (59), namely,
Solving equation
we arrive at λ
where the matrix v a b is given in Eq. (23) . Therefore, the induced gauge anomalies are
Equations (58) and (62) show that A λ is just the nonlinear isometry anomalies, the same as in Eq. (21) . The theory can be "mended" just in the same way as it was discussed in Sec. 2.
Conclusions
Two-dimensional chiral sigma models with various degrees of supersymmetry present an excellent theoretical laboratory. While the (2, 2) models were thoroughly explored in the 1980s, chiral models received much less attention. Recently non-minimal chiral models reappeared in the focus of theorists' attention because of their special role as world-sheet models on topological vortex solutions supported in certain fourdimensional N = 1 Yang-Mills theories. This fact naturally raised interest to the minimal chiral models. In this paper the minimal chiral two-dimensional models are revisited. We demonstrate that the Moore-Nelson consistency condition [25] revealing a global anomaly in CP(N −1) (with N > 2) due to a nontrivial first Pontryagin class is in one-to-one correspondence with the local anomalies in isometries. These latter anomalies are generated by fermion loop diagrams which we explicitly calculate.
At the same time the first Pontryagin class in the O(N) models vanishes [25] and, thus, these models are globally self-consistent. We show that the divergence of the isometry currents in these models is anomaly free. Thus, there are no obstructions to quantizing the minimal N = (0, 1) models with the S N −1 = SO(N)/SO(N−1) target space. CP(1) is self-consistent and presents an exceptional case from the CP(N −1) series: both the first Pontryagin class vanishes and the local anomalies are absent too. We discuss a relation between the geometric and gauged formulations of the CP(N −1) models. From the standpoint of the principal fiber bundle, the isometry anomalies on a local patch just reflect the failure of gauge invariance of the theories in passing from one local patch to another. Therefore it relates the local anomalies to global topological criteria [23, 25] .
In our subsequent work, we will follow this clue to discuss anomalies in general minimal G/H sigma models in both local and global aspects. The obvious distinction between the O(N) and CP(N −1) target spaces is the fact that in the first case the factor H is a simple group, while in the second case it is a product two factors, SU(N −1) × U(1). One can conjecture that the non-simple character of H is behind emergence of anomalies, for the simple H group the first Pontryagin class of G/H vanishes. We will address this issue in [30] .
Appendix: Vielbeins and Anomalies in CP(N −1)
The Fubini-Study metric g ij on CP(N −1) is
The indices of charts {φ i ,φj} locally are raised or lowered by δ ij or δ ij . To explicitly find vielbein of the metric, it is convenient to define
one can easily check the following properties:
As a result, the metric and vielbein could be written as
Similarly to the O(N −1) model, the symbols δ ab or δ ab are used to lower or raise frame indices {a,b, ....}. Since CP(N−1) are the Kähler manifolds, there are two sets of vielbein, and correspondingly two sets of spin-connections one-form on the frame bundles Hol (1, 0) and Hol (0,1) ,
Redefining ψ a = e a i ψ i , one can present the fermionic part of the CP(N − 1) Lagrangian as
where Ω is the pulled-back connections from frame bundle Hol A(r 2 )βīφjdφj ∧ dφ¯i We also need to add the variation of action with respect toβ, which is obtained by 
